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We shall prove that homogeneous paces of rank one are either spherical or are obtained from a 
homogeneous pace of SL2 via induction. It is shown also that a homogeneous pace has rank one if 
and only if it has a completion whose boundary is a divisor consisting of closed orbits. 
0. INTRODUCTION 
Consider a homogeneous pace G/H of a reductive algebraic group G, de- 
fined over an algebraically closed field k of characteristic 0. An embedding of 
G/H is a normal G-variety X with a point x E X such that the orbit Gx is dense 
in X and the stabilizer G, is equal H. The boundary dX of the embedding X is 
the subvariety X\Gx_ 
The problem of classification of embeddings leads to the notions of com- 
plexity and of rank of G-varieties. The complexity CG( Y) of a G-variety Y is the 
minimal codimension of B-orbits in Y, where B is a Bore1 subgroup of G. The 
rank rG( Y) is the difference between the minimal codimension of U-orbits and 
of B-orbits in Y, where U is the unipotent radical of B. Obviously we have 
0 5 cc(G/H) 5 dim U, 0 5 rG(G/H) 5 dimB/U =: rkG. 
If rG(G/H) = 0, then H is a parabolic subgroup of G and cc(G/H) = 0 as well 
[Pl]. In particular G/H has no non-trivial embeddings. 
D. Akhiezer has found all the couples (G, H) such that G/H admits a com- 
* This research was supported by Alexander von Humboldt Foundation and in part by I.S.F. grant 
MQZOOO. 
315 
plete smooth embedding whose boundary consists of G-homogeneous divisors 
[A]. It turned out to be these homogeneous paces are exactly those of com- 
plexity zero (i.e. spherical) and of rank one. An a priori proof of this coin- 
cidence has been given in [B]. Brion gave also a classification of spherical 
homogeneous paces of rank one, applying the methods of Invariant Theory. 
It is quite natural to drop the condition that the homogeneous paces under 
consideration are spherical. That is, let us ask the following questions. What are 
the possible values of the complexity of homogeneous paces of rank one? Can 
one find an a priori characterization and a classification of homogeneous 
spaces of rank one? An immediate non-spherical example is SL,/F, where F is 
a finite subgroup of SL2. Here the complexity equals one. It appears marvel- 
ously to be that this is essentially the only new example. More precisely, in this 
paper we shall prove: 
Theorem 1. Zfrc(G/H) = 1 then co(G/H) 2 1. Moreover, ifcc(G/H) = 1, then 
G/H is inducedfrom SLJF via a parabolic subgroup of G. 
The induction procedure was first described by D. Akhiezer. A homogeneous 
space G/H is said to be induced from another homogeneous pace Gl/Hl (GI is 
reductive), if there exists a parabolic subgroup P of G and a surjective homo- 
morphism cp : P -+ GI such that H = p-‘(HI). Since cc(G/P) = rc(G/P) = 0, 
it easily follows from [P3] (see also (1.6) below) that the induction procedure 
does not change complexity and rank, i.e. cc(G/H) = co(Gl/Hl), etc. 
We shall also give a characterization of homogeneous paces of rank one in 
terms of completions, i.e. complete embeddings. The following result may be 
considered as a generalization of Theorem 1.1 in [B]. 
Theorem 2. Thefollowing conditions are equivalent: 
(i) rc(G/H) = 1; 
(ii) G/H has a completion X such that dX is a divisor and all G-orbits in dX 
have the same dimension. 
Our proof of Theorem 1 relies mainly on the theory developed in [Pl], [P2], 
[P3] and for the proof of Theorem 2 we use Theorem 1 and some ideas from [B, 
1.11. 
The paper is organized as follows. In Section 1 we recall the necessary 
background and the theorems will be proved in Section 2 and Section 3 re- 
spectively. 
We use the standard terminology and notation on Invariant Theory and 
Algebraic Groups, see e.g. [VP]. 
1. RECOLLECTIONS 
In this section we recall some machinery, necessary for dealing with com- 
plexity and rank of G-varieties, especially of homogeneous paces. 
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1.1. The following notation will be used throughout the paper. Let G be a 
connected reductive algebraic group, B a fixed Bore1 subgroup of G, and T a 
fixed maximal torus in B. Denote by U the unipotent radical of B, and let X(T) 
be the character group of T. Hence we obtain also related objects such as the 
root system A, positive roots A+ (those that correspond to U), dominant 
weights, etc. Denote by gp the root subspace of g = Lie G, corresponding to the 
root /3 E A. The Lie algebras of algebraic subgroups of G will be denoted by the 
respective small Gothic letters. For instance, Lie P = $3. For an algebraic group 
A, denote by A0 (resp. A’) the identity component (resp. the derived group). 
Denote by k[XIA (resp. k(X)A) the subalgebra (resp. the subfield) of A-invariant 
regular (resp. rational) functions on an irreducible A-variety X. 
1.2. Suppose X is acted upon by G. The integer co(X) = min.rEX codim Bx is 
called the complexity of X (relative to G). By the Rosenlicht theorem (see e.g. 
[VP]), it is nothing but the transcendence degree of /c(X)~. One may introduce 
the rank rc(X) as follows 
(1) co(X) + rc(X) := minx,x codim Ux. 
Another and more informative approach is to consider the multiplicative group 
P of all B-semiinvariant functions in k(X)\(O). Denote by Xf the character of 
B corresponding to f E ‘P, i.e. b ,f = Xf(b)f for any b E B. Then {Xf ( f E P} 
is a free abelian group, the rank group of X and rc(X) equals the rank of this 
group [Pl]. 
1.3. For quasiaffine X, it is more useful to consider the rank semigroup C&(X) 
consisting of all dominant weights corresponding to B-semiinvariant functions 
in k[X]\{O}. In this case k(X) is the field of fractions of k[X]. Therefore 
{X,f ) f E P} = (E,(X)), where (E,(X)) is the subgroup generated by @o(X) 
in X(T). In particular, we have the following assertion. 
Lemma. Suppose X is quasiafJine and rc(X) = 0, then the action (G : X) is triv- 
ial, i.e. gx = x for any g E G, x E X. 
1.4. Let H be an algebraic subgroup of G and H = K ’ H” a Levi decomposi- 
tion, i.e. HU is the unipotent radical of H and K is a maximal reductive sub- 
group (Levi factor). Then there exists a parabolic subgroup P c G with a Levi 
decomposition P = L. P” such that L II K and P” IJ H” [Hu, 30.31. Define S 
to be the stabilizer in general position for the action (K : L/K) (see [VP, $71 
about this notion). Then S is a subgroup of K. By [Lull S is reductive and it has 
been proved in [Pl] that there is a semisimple t E L such that ZL(~)’ c S c 
Z,(t) (where ZL(~) denotes the centralizer of t in L). In particular, S’ is the 
derived subgroup of the Levi subgroup Z,(t) c L. 
1.5. The group S is quite important in questions about the rank semigroup 
‘&,(L/K). To explain this, we need some additional notation. Conjugating, if 
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necessary, H and P inside G, and K inside H, one can achieve that the sub- 
groups under consideration have a ‘good’ position with respect to B and T. 
Namely, we can (and shall) assume that: (i) P I B, (ii) L > T, (iii) t E T. Then 
B(L) := B n L is a Bore1 subgroup of L. Denote by A(L) the root system of L 
relative to T and by XL(T) the semigroup of dominant weights in X(T) relative 
to B(L). Condition (iii) give us that T(S) := (T n S)’ is a maximal torus of So, 
and B(S) := B n So is a Bore1 subgroup of So. The rank semigroup @L(L/K) is 
a subset of XL(T). There are no simple ways to describe @L(L/K), but one can 
easily determine a slightly larger object. Let us define the saturated semigroup 
by 
@,(L/K)- := {X - p 1 A, p E &(L/K)} n XL(T). 
Obviously, (EL(L/K)) = (@L(L/K)“). Then we have (see [Pl]): 
(2) @&VW- = {‘p E XL(T) ( cp (TM = 1). 
In particular, ~L(L/K) = rk L - rk S. Conversely @,(L/K)- completely de- 
termines S. Since S is normalized by T, it suffices to describe A(S) as a subset 
of A(L), and T n S. Equation (2) allows us also to determine T fl S via 
E,(L/K)- and the following is proved in [Pl]: 
(3) A(S) = {y E A(L) 1 (y,cp) = 0 for all ‘p E CE,(L/K)-}, 
where ( , ) is an L-invariant scalar product on the vector space K(T) C% Q. 
1.6. As a subgroup of K, S acts linearly on nU/h”. The following result will be 
our main tool in this paper. 
Theorem [P3, ch. 11. 
(i) rc(G/H) = Q&/K) +~~o(P~/b'); 
(ii) co(G/H) = CL(L/K) + cso(P”/Ij”). 
Remark. Let S, c S be the stabilizer in general position for the action 
(S : p “/h “). Then an appropriate choice of S, allows us to find a description of 
the rank group of G/H, similar to the description of @,(L/K)- in (1.5). But we 
do not use it in this paper. 
1.7. The following assertion is no doubt known, but I do not know a good 
reference. 
Lemma. Let 0 be a homogeneous space of a reductive group L. Suppose S is a 
reductive subgroup of the stabilizer L,, x E 0. Then each irreducible component of 
0’ is a N,(S)‘-orbit (where NL(S) denotes the normalizer of S in L). 
Proof. Since (3 is smooth and S is reductive, 0’ is smooth as well [LUG]. 
Therefore 0’ is a disjoint union of its irreducible components. Since S is 
reductive, we have NL(S)’ = ZL(S)‘. So, where ZL(S) is the centralizer of S 
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in L. Take any y E 0’ and let TJ.) be the tangent space at y. By complete 
reducibility arguments, we get Ty(OS) = Tr(O)S = (r/r,)s = rs/(rJs = 
7’_‘_(2~(S)‘y) = ry(N~(S)‘y). Thus N~(s)‘y is open in OS. Since this is true for 
any y E OS, we are done. q 
2. PROOF OF THEOREM 1 
2.1. We keep the previous notation. Suppose ro(G/H) = 1. Then by (1.6) we 
have 
r+L(L/K) + rp(p”/fJ”) = 1. 
So there are two possibilities, which we shall consider separately: 
II r&/K) = 0, rso(nU/h”) = 1. 
2.2. Case I. 
2.2.1. Since ty,(L/K) = 1, we have rkS = rkG - 1, and rso(P”/b”) = 0 im- 
plies that the action (S o : p”/Q”) is trivial, i.e. p”/lj” = (p”/hU)so. Therefore 
c,~(p”/h”) = dim(p”/h’). 
Let us take p E X(T) such that T(S) := {t E T ) p(t) = 1) and denote by (p) 
the subgroup of X(T), generated by /I. Let us estimate dimension of p”/h”. One 
has P” = eaEI ga, where I = A+\A(L). Therefore 
(nu)r’S’ = 
By standard properties of root systems ]I rl (p)] 5 1, hence one obtains 
dim(p”/h”) < 1. 
2.2.2. Let us apply the restriction theorem for U-invariants [P2] to the affine 
L-variety L/K. Define M to be a connected subgroup of L such that (1) 
NL(S)’ = So. M; (2) ]S” n M( < co (or 5 n m = (0)); (3) T c NL(M). The de- 
scription of S in (1.4) and (1.5) shows that this definition is correct. Clearly M is 
locally isomorphic to NL(S)/S, but we wish to treat it as a subgroup of L, 
having a ‘good’ position relative to B(L) and T. Put U(M) = U n M and 
U(L) = U n L. The restriction theorem asserts that there exists an irreducible 
component Y of (L/K)’ such that k[L/KlucL) is isomorphic an explicitly de- 
scribed subalgebra of k[Y] uW) Anyhow, it is only important for us here that . 
rL(L/K) = rM(Y) and CL(L/K) = CM(Y). These equalities are direct con- 
sequences of [P2, 1.91, where it is proved that the algebras k[ Y]U(M) and 
NLIKI ‘@) have the same Krull dimension. Therefore according to (1) and the 
Rosenlicht theorem, we get CL(L/K) + rL(L/K) = c~( Y) + rM( Y). Moreover, 
t-M(Y) = rkM = rL(L/K). 
In our setting rkM = 1 and Y is a homogeneous space of M (1.7), more 
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precisely Y = M/M n K. Hence c~( Y) 5 1 and the equality holds if and only if 
A4 is locally isomorphic SL2 and A4 n K is finite. 
2.2.3. One already knows CL(L/K) < 1 and cso(pu/fju) 5 1. Now we show that 
if CL(L/K) = 1, then cso (~“/fj “) = 0. Indeed, suppose A4 is not a torus and LY is 
the positive root of A4 (i.e. the one corresponding to U(M)). By the construc- 
tion of A4 (2.2.2), a is a positive root of L as well and T n S = {t E T 1 a(t) = l}, 
i.e. o E (/3). Hence (/3) n I = 0 and dim(p”/hu)so = 0. Thus the inequality 
co(G/H) = CL(L/K) + cso(nU/bU) 5 1 is proved. 
Roughly speaking, the idea of this part is that given a subtorus T(S) c T of 
codimension one, then one has dim UT(s) < 1. Moreover, M is not a torus only 
if UTls) c U(L), and (pU,/ljU)so # 0 only if UT(s) c P’. 
2.2.4. In order to prove the assertion of Theorem 1 on inducing, we shall in- 
vestigate in more details the previous possibilities for K and I)“. So assume now 
that co(G/H) = 1. It follows from (2.2.2) and (2.2.3) that one has again two 
possibilities: 
(a) cr.(L/K) = 1 and p” = lj”; 
(b) CL(L/K) = 0 and cso(pu/l)‘) = dim(n”/E)“) = 1. 
They will be considered in (2.2.5) and (2.2.6), respectively. The preceding ar- 
guments show us that in both cases No(S is locally isomorphic to SL2, i.e. 
there exists a root o E A+ such that 
(4) f2 (TflS = 1. 
Moreover, a E A(L) in case (a) and o E A+\A(L) = I in case (b). 
2.2.5. Subcase (a). This is a purely affine situation, i.e. one could forget about 
p u and lj “. In other words, we have to investigate an affine homogeneous pace 
L/K such that CL(L/K) = 1 and rr.(L/K) = 1. 
The condition c,-_(L/K) = 1 implies that A4 is not a torus, i.e. o is the positive 
root of L (and of M). It follows from (2) and (4) that @,(L/K)- is generated by 
a. In particular, cy is a positive dominant root of L. Furthermore, according to 
(3) S is completely determined by o. We see also that all simple factors of S and 
L coincide, except the one that contains Q. Denote by LI this simple factor. 
Clearly the essential part of the picture lies inside of LI, i.e. it suffices to con- 
sider only L1. Put Si = S n L1 and Kl = K fl Ll. Now again one has a dichot- 
omy for Q. 
(ai) a is long dominant, i.e. the highest root of Ll. 
Suppose rkLi = 1. Then (Si)’ = {e}, So = K”, and L/K 2 SLz/F. This is a 
trivial case of induction. 
Suppose rk L1 > 1. Let us ask the following question. Does there exist an in- 
termediate reductive subgroup K1 (Sl c K1 c LI) such that 5’1 is the stabilizer 
in general position for the action (Ki : LI /Kl)? Simple case-by-case considera- 
tions show us that the answer is ‘yes’ only for L1 = SL,. Then & = SL, _ 2 x k *, 
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Ki = SL, _ I x k*. But SL,/SL,_ 1 x k* is a spherical homogeneous pace, i.e. 
we did not meet a new example of complexity one. 
(a2) cr is the short dominant root of Li. Checking four possible types of 
simple groups with roots of different length, we find again spherical examples 
only. For instance, Li = F4, K1 = B4, Si = B3. 
2.2.6. S&case(b), i.e. CL(L/K) = 0, dim(P”/h”) = dim(P”/hU)so = 1. Here we 
have a direct sum of S-modules: 
P” = b” + ga, 
where LY satisfies (3). Now again there is a dichotomy. 
(bi) Assume L’ = K’. Then the action (K : L/K) is trivial, i.e. K = S and 
~L(L/K) = 1 implies that codimL K = 1, i.e. S = K = kerx for some 
x E X(L) c X(T). Therefore a! = x. Since HU . U(K) = H” . U(L) is a group 
(a maximal unipotent subgroup of H ) and its root system contains all positive 
roots of G except Q, one sees that Q must be a simple root of G. By our as- 
sumption the action (K” : ga) = (So : ga) is trivial, i.e. (I: is strongly orthogo- 
nal to the roots of K. Therefore q := P $ g_a is a parabolic subalgebra of g such 
that q” = I)” and Q/H E SLz/F. Thus G/H is induced from SLz/F via Q. 
(b2) Assume L’ # K’. Then the central torus Z(L)’ of L must lie in K 
(otherwise one gets Q(L/K) 2 2). It follows from the definition of S that 
Z(L)’ c S as well. Let us understand what this means for the root Q. On the 
one hand, by using (3) one sees that Q lies in the linear subspace of X(T) 8 Q 
generated by the roots of L (i.e. of L’). On the other hand, the inclusion 
g, c p" shows (Y does not lie in this subspace. This contradiction shows the 
subcase (bz) is impossible. 
Thus we have finished proof in case I. 
2.3. Case II, i.e. YL(L/K) = 0 and rso(PU/h”) = 1. 
It follows from the first equality and from (1.3) that L = K = So. In this case 
L is a proper Levi subgroup of G, hence it contains a non-trivial central torus 
Z(L)‘. Next, one has P”/h” ’ IS an irreducible L-module, because all the weights 
of T in P”/ I)” are of multiplicity 1, each pair of weights is linearly independent, 
and rso(P”/h”) = 1. Moreover, one can conclude that the symmetric powers 
Sm(Pu/h “), m 2 1 are irreducible L-modules as well. Indeed, the action of 
Z(L)’ on P”/h” is non-trivial (and scalar), because Z,(Z(L)‘) = L. Therefore 
any two irreducible L-modules in S”(P”/h”) would have linearly independent 
highest weights and one gets r~(P’/h’) = r,o(p”/~“) 2 2 in this case. Thus the 
S”(P”/$“), m = 1,2,. . . are different irreducible L-modules, and it follows that 
P”/h” is a spherical L-module. Hence c,~(P”/h”) = 0 and by (1.6) G/H is 
spherical as well. This case has been already fully investigated in [B], where the 
short list of possible (L : p”/fj”) is given. 
Anyhow, we did not find new examples of complexity one and Theorem 1 is 
completely proved. q 
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2.4. One can try to apply the idea of preceding proof to homogeneous paces of 
rank > 1. In this case we have only partial results. 
Proposition. Let L/K be an afine homogeneous space and I = rL(L/K). Then 
cr.(L/K) 5 maxdimU(R), where the maximum is taken over all reductive groups 
R of rank r. Inparticular, ifr = 2, then CL(L/K) 5 6. 
Proof. This is a consequence of the restriction theorem for U-invariants. Re- 
peat the construction of (2.2.2). Here one has rkS = rkL - r and rkA4 = r, 
whence CL(L/K) = CM(M/M n K) 5 dim U(M). 0 
3. AN EMBEDDING CHARACTERIZATION OF HOMOGENEOUS SPACES OF 
RANK ONE 
3.1. For the proof of Theorem 2 we use several simple assertions. Recall that F 
is an arbitrary finite subgroup of SL;?. 
Lemma. SLz/F has an equivariant completion _% such that a_%? is an irreducible 
divisor and all SLz-orbits in dx have dimension 1. 
Proof. Let Y c P4 be the projective closure of SL2 c A4 z Mat*(k). Then 
SL2 x SL2 acts naturally on Y (via left and right multiplications). Define x to 
be the quotient Y/F with respect o the right action of F c SL2. It is easy to see 
that we get the required variety with left action of SL2. q 
Remark. It is not difficult to prove that Y/F is singular if IFI > 2. 
3.2. Lemma. Let the connected reductive group L act on a normal afine variety 
Z. Suppose the subvariety offixedpoints ZL is a divisor in Z. Then L modulo the 
ineffectivity kernel of the action is a one-dimensional torus. 
Proof. Take any z E Zreg n Z ‘. By [Lu2] it suffices to prove the assertion for the 
action of L on the tangent space T,(Z) at the point z. But Tz(Z) is a direct sum 
of the trivial L-module Tz(ZL) and a one-dimensional L-module. 0 
3.3. Proof of Theorem 2 
(i) + (ii). By Theorem 1, one knows that cc(G/H) 5 1. If co(G/H) = 0, 
then the assertion is known [B]. Suppose co(G/H) = 1. Then G/H is induced 
from SLJF via P c G. Let 8 be the embedding of SLJF, described in (3.1). 
Then P acts on _% (via a surjective homomorphism P + SL2) and the asso- 
ciated fiber bundle X = G *p _%? isexactly what we need. 
(ii) + (i). Let D be an irreducible divisor in dX. It follows from the as- 
sumption that all G-orbits in D are closed, i.e. G, is a parabolic subgroup of G 
for any z E D. Take any z E X,, n Dreg and choose a parabolic subgroup P of G 
322 
opposite to G, (i.e. i n G, =: t is a Levi subgroup of P and G,). By [BLV, The- 
orem 1.41 there exists a (locally closed) subvariety Z of X such that 
(a) Z is affine, contains z, and J?Z c Z; 
(b) The natural map (u, z) E PU x Z H uz E X is an open immersion. 
We shall say that Z is a BLI’-V-slice at z E X. It follows from the construction that 
dim Gz = codimx Z = dim P”, Z n D is a divisor in Z, and z E Zreg n D. But 
the most important point for us is that Z n D c Zi. Indeed, dim Gy = dim PU 
for any y E D n Z. On the other hand, by (b) dim PUy = dim jU and P“y n Z = 
{ y}. Thus Gy n Z is finite and L-invariant. This forces y E Zi, because i is 
connected. Let usA observe that the action (2 : Z) is not trivial, i.e. Zi # Z. 
Otherwise (G/Z-# would be infinite. But this subset must be finite by (1.7), be- 
cause No(i)/L is finite. 
Now by (3.2) t modulo the ineffectivity kernel is a one-dimensional torus 
and hence ri(Z) = 1. It immediately follows from property (b) of BLV-slices 
and the definitions that co(X) = CL(Z) and ro(X) = ri(Z). In particular 
ro(X) = ro(G/H) = 1. q 
Remark. It follows from the proof that codimx Gz = co(G/H) + 1 for z E D, 
and Theorem 1 shows that in fact we must have codimx Gz 5 2. 
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